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Abstract. Let F\,...,F r be integer forms of degree d, where d £ {2,3}. 
Improving on previous work by Schmidt, we show that the expected Hardy- 
j^J} Littlewood asymptotic formula for the density of integer points on the inter- 

im ■ section F\ = . . . = F T = holds true, providing that each form in the rational 

pencil of Fi , . . . , F r has 

• rank exceeding 2r 2 + 2r (d = 2), 

• h-invariant exceeding 8r 2 + 8r (d = 3). 
In particular, if Fi, . . . , F r are rational quadratic forms, each form in their 
complex pencil has rank exceeding 2r 2 + 2r, and the intersection Fi = . .. = 
F r = has a non-singular real zero, then this intersection also has a non-trivial 
rational zero. For r = 1, this recovers a classical result by Meyer. 
Our new tool, which is of interest in itself, is a variant of Weyl's inequality for 
general systems of forms which is useful in situations like those above where 
one knows a certain lower rank bound for all forms in the rational pencil of 
the given ones. 



1. Introduction 

Let F\, . . . ,F r € Z[Xl, . . . , X s ] be forms of degree d, and let V* be the union of 
the loci of singularities of the varieties 

.Fi(x) = pi, . . .,F r (x) = Hr- 

Then Birch ([!]) has shown that if 

(1) s>dimV* +r(r + l)(d-l)2 d - 1 , 

then an asymptotic formula for the number of integer solutions x e 7L S of the system 

F 1 (x)=...=F r (x)=0 

holds true, where the x are constrained to an expanding box. Usually, V* is difficult 
to describe, and one would prefer a condition which is easier to handle. This point of 
view was taken up by Schmidt ([B], [7]) for the case of quadratic and cubic forms. 
For a system of r rational quadratic forms, he could show that an asymptotic 
formula for the number of integer zeros in an expanding region holds true, provided 
that every form in the rational pencil has rank exceeding 2r 2 +3r. Birch's condition 
([T]) for d — 2 reads s > dimV* + 2r 2 + 2r, so one might wonder if Schmidt's rank 
bound 2r 2 + 3r can be relaxed to 2r 2 + 2r. This is indeed the case, as illustrated 
by our first result. 

Theorem 1. Let Fi,...,F r G Z[Xi, . . . ,X S ] be quadratic forms, such that each 
form in their rational pencil has rank exceeding 2r 2 + 2r. Then if B is a box in M. s 
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with sides parallel to the coordinate axes, and contained in the unit box, then there 
exists a positive 6 such that for the quantity 

U(P) := #{x G Z s 1 : x G PB and F;(x) = (1 < i < r)} 

the asymptotic formula 

(2) U(P) = 3<SP s - 2r + 0{P s - 2r - s ) 

holds true, where Z and & are the singular integral and the singular series, respec- 
tively. 

In particular, under the rank condition of Theorem [TJ a system i*i(x) = . . . = 
F r (x) = of rational quadratic forms satisfies the Local-Global principle. If one 
imposes further conditions, one can show that Z and 6 are positive and concludes 
that there are non-trivial rational zeros. The following result is along these lines, 
improving a 2r 2 + 3r which has previously been known (see Theorem 1 in [4]) to 
2r 2 + 2r. 

Corollary 1. Let F± , . . . , F r be rational quadratic forms. Suppose that each form 
in the complex pencil of F\, . . . , F r has rank exceeding 2r 2 + 2r, and suppose that 
the system F\ = . . . = F r = has a non-singular real zero. Then the asymptotic 
formula (0) holds true, and the singular integral Z and the singular series & are 
positive. In particular, the intersection F\ = . . . = F r = has a non-trivial rational 
zero. 

Proof. Since each form in the complex pencil of iq , . . . , F r has rank exceeding 
2r 2 + 2r, also each form in the rational pencil of F\,...,F r has rank exceeding 
2r 2 + 2r. Hence, by Theorem [TJ the asymptotic formula ([2]) holds true. Moreover, 
for the same reason (see [4] or [6] for details), each form in any Q p -rational pencil 
of F± , . . . , F r has rank exceeding 2r 2 +2r. As shown in [4] , p. 510, this implies that 
& > 0. Finally, the assumption on non-singular real solubility of F\ = . . . = F r = 
implies that Z > 0. □ 

Since a singular rational quadratic form trivially has a non-trivial rational zero, 
Corollary Q] for r = 1 recovers a classical result by Meyer [5]: Any indefinite rational 
quadratic form in at least five variables has a non-trivial rational zero. Much more 
than Corollary Q] is known for r = 2 (see [2]), but for r > 2 our result seems to be 
the strongest available at present. 

To state our result for systems of cubic forms, we first have to introduce the following 
terminology: If C(Xi, . . . , X s ) e Q[X\, . . . , X s ] is a rational cubic form, then its 
h-invariant h(C) is the smallest non-negative integer h such that C can be written 
in the form 

h 

C(Xi, . . . , X s ) — Li(Xi, . . . , X s )Qi(X\, . . . , X s ) 
i=i 

for suitable linear forms Li G Q[Xx, . . . , X s ] and quadratic forms Qi G Q[^i, ■ ■ ■ , X s ] 
One can think of the /i-invariant as some way of generalising rank from quadratic to 
cubic forms. For a system of r rational cubic forms, Schmidt ([7]) has shown that 
an asymptotic formula for the number of integer zeros in an expanding region holds 
true, provided that each form in the rational pencil of C\ , . . . , C r has h- invariant 
exceeding 10r 2 + 6r. Again, Birch's condition (TTJ) for d = 3 suggests that a weaker 
bound, namely 8r 2 + 8r could suffice, which indeed is true. 
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Theorem 2. Let Fx, . . . , F r G Z[Xi, . . . , X s ] be cubic forms, such that each form 
in their rational pencil has h-invariant exceeding 8r 2 + 8r. Then if B is a box in W 
with sides parallel to the coordinate axes, and contained in the unit box, then there 
exists a positive S such that for the quantity 

V(P) := #{x E If : x E PB and F*(x) = (1 < i < r)} 

the asymptotic formula 

v(p) = z&p s ~ 3r + o(p s - Sr - 5 ) 

holds true, where 3 om,d 6 are the singular integral and the singular series, respec- 
tively. 

Not surprisingly, the proofs of Theorem [T] and Theorem [5] make use of the Hardy- 
Littlcwood circle method. Our main innovation is a variant of Weyl's inequality for 
general systems of forms which turns out to be more useful in the specific situations 
encountered here, where one knows a certain lower rank bound for all forms in the 
rational pencil of the given ones. 

2. Weyl's inequality 

Let Fx, . . . , F r £ Z[Xx, . . . , X s ] be forms of degree d > 2. We can write Fi in the 
form 

F i (x)= Y, c Tu-,u x h---Xj* (l<*<r), 

l<il< — ,3d<» 

and for the purpose of studying Fx = ■ . ■ = F r = without loss of generality we 
may assume that the coefficients • are symmetric in jx, ■ ■ ■ ,jd- Let B be an 

s-dimensional box with sides parallel to the coordinate axes, and for a € W let 
S(a) be the exponential sum 

S(a) = e(axFx(x) + ... + a r F r (x)). 
xePB 

Moreover, for aef, xW, . . . , x^" 1 ' e 7f and j E {1, . . . , s} let 

(3) ^ (a; x« , . . . , x^" 1 )) = £ a^f ( X M , . . . , x^) 

i=X 

where 

^ i) (xW,...,x( d - i ') = rf! y cf] . f-xf- 1 '. 

3 v ' ' ' / t 3,3l-,---,3d-l 31 3d-l 

l<jl,---,jd-l<s 

Finally, let 

(4) N(P;Q;a) = #{x^, . . . , G If : x« e PB (I < i < d - 1) 

and ||* J -(a;xW,...,x^ 1 ))|| < Q (1 < j < s)}, 

where || • || as usual denotes distance to the nearest integer. In the following, 
all implied O-constants depend at most on s, d, Fx, . . . , F r , B and a chosen small 
positive e. 

Lemma 1. Let <$ <1, e> and k > 0. Then if 

S{a) > P s - k , 
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then 

(5) N (p8.p-d+(.d-i)e. a) p(d-l)se-2^k-e 

Proof. This is Lemma 2.4 in [I]. □ 

Our next lemma can be thought of as a variant of Lemma 2.5 in pQ, where 
alternative (iii) has been replaced by one more suitable for dealing with systems of 
forms satisfying a certain pencil condition. 

Lemma 2. In the notation of Lemma\Jl we either (i) have 

S(a) < P s - k , 
or (ii) there are integers a\, . . . ,a r ,q such that 

(ax, ...,a r ,q) = l, 
\ qai - Gi | < P -d+r{d-i)e (i<i< r ), 

1 < q < P''^- 1 ) , 

or (iii) there are integers a\, . . . ,a r , not all zero, such that 

M(ai, ...,a r ; P 6 ) » ^d-i^-^k/B-e 

where 

(6) M( ai ,...,a r ;H) = #{x' 1 >,...,x ( "»eZ s :x' i )effl(l<i<(i-l) 

and -^(ajxW,...^- 1 ') = (1 < j < s)}. 

Proof. Our proof is similar to that of Lemma 2.5 in pQ. Suppose that alternative 
(i) is false. Then by Lemma[l] the lower bound ([5|) holds true. Let ^ be the matrix 
whose elements are the numbers \f^- (x^ 1 ), . . . ,x( rf_1 ^), where the column i ranges 
from 1 to r, and the rows range over the Cartesian product of all possible choices 
for j G {1, . . . , s} times all possible choices for tuples x^, . . . , x^ -1 ) counted by N 
in ©. 

Case I: rank ^ = r. 

Then ^ has a non-singular r x r submatrix R. Each row of R is of the form 
(*W(x( 1 ),...,x( d - 1 )),...,vI/W(x( 1 ),...,x( d - 1 ))) 

for suitable j G {l,...,s} and xW, . . . , x^ -1 ) <E P e B counted by N in ©. In 
particular, all matrix elements r^i are integers and 

(7) M«P e(d - 1} 

for all i G {1, . . . , r} and for all k. By ([5]) and the definition (J4j) of N, we have 

f a x \ / b% + ci 

(8) R : = : 

\ a r J \ b r + c r 
where the bi are integers and q £ 1 such that 

(9) \a\ ^p- d +(d-i)e (i<j< r ). 
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Now let q = det R. Then q ^ and 

\q\ < pr(d-l)9 

by 0. Let a E R r be the solution of 



( al \ 








- 




\ a r J 







(10) i? 
By Cramer's rule, a £ 17 . Now © and {TO} yield 

(11) 



( al \ 








(c x \ 












\ a r J 




{ a r J 







Moreover, by ([7]) and Cramer's rule all elements in the matrix qR 1 are bounded 
by p0(r-l)(d-l). Hence © and (JTTJ give 

- Oil < p-d+Kd-i)S (x < , < r ). 

Clearly, by multiplying with —1 if necessary we can ensure that q £ N, and by 
dividing through (oi, . . . , a r , q) we can achieve (ai, . . . ,a r ,q) = 1 without affecting 
the quality of the Diophantine approximations to a%, . . . , a r . Hence (ii) is true. 

Case II: rank < r. 

In this case, the columns of ^ must be linearly dependent. Therefore, there exists 
a G Z r \{0} such that 

^ fl4 *W (x (i),..., x (^i)) = o 

i=l 

for all j e {1, . . . , s} and for all x^, . . . , x^- 1 ) e Z s that are counted by N in ©. 
By ©, © and © we immediately get the conclusion in alternative (iii). □ 

3. Systems of quadratic forms 

For quadratic forms, it is easy to give an interpretation of alternative (iii) in 
Lemma [21 To this end we need the following elementary observation. 

Lemma 3. Let L\, . . . , L s £ "L[Xi, . . . , X s ] be linear forms, such that their span in 
the space of linear forms has rank at least m. Then, uniformly in L±, . . . , L s , we 
have 

#{x G If : x e PB and Lj( x ) = (1 < j < s)} < P s_m . 

Proof. This is trivial. □ 

We can now reformulate Lemma [5] for systems of quadratic forms. 

Lemma 4. Let d = 2. Suppose that each quadratic form in the rational pencil of 
Fx, . . . ,F r has rank at least m. Then, using the notation of Lemma{^ we either (i) 
have 

5(a) < p'-^/a-M 
or alternative (ii) (where d = 2) of Lemma\^ holds true. 
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Proof. Suppose that neither alternative (i) nor alternative (ii) of Lemma [2] are 
true. Then alternative (hi) must be true. Hence there exists a 6 Z r \{0} such that 
M(ai, . . . , a r ;P e ) > (p8y-zk/e-e_ Thig means that 

(12) #{x e Z s : x e P e B and $,-(a;x) = (1 < j < s)} > [pOy-^/e-e 
Now consider the quadratic form 

r 

F = ^a i F i . 

i=l 

This form is in the rational pencil of F\, . . . , F r , hence rank F > m. Clearly 

r r s 

F(x) = ^a i F i (x) = -^a i ^x J -*f(x) 

i— 1 i— 1 j — 1 

Since rank F > m, the dimension of the linear space of linear forms spanned by 
the $j(a;x) (1 < j < s) is at least m. Hence, by Lemma [3j 

(13) #{x £ Z s : x £ P e B and $ 3 (a;x) = (1 < i < s)} < (P e ) s -"\ 

The conditions (|12[) and (TT3f are only compatible if s — 2fc/6> — e < s — m, which 
implies that k > mO/2 — e|. Therefore, for k < m9/2 — e|, alternative (hi) is 
impossible. Since e > is arbitrary, this proves Lemma 2) □ 

Corollary 2. In the notation of Lemma{^ suppose that each quadratic form in the 
rational pencil of F%, . . . ,F r has rank exceeding 2r 2 + 2r. Moreover, let < A < r. 
Then for each a, G [0, l] r we either (i) have 

(14) S(a) < ps-A{r+l+^)+e ^ 

(ii) or there exist integers Oi, . . . , a r , q such that (<Zi, . . . , a r , q) = 1, 1 < q <C P A 
and 

\qa t - Oil < P- 2+A (l<i<r). 

Proof. This follows immediately from Lemma |4] on letting A = rQ and m = 2r 2 + 
2r + 1, noting that A (r + 1 + ^) = ± ■ r6 ■ m = ^f. □ 

Note that this is essentially the same as Lemma 6 in [5] (our bound (fl"4l is slightly 
stronger than (i) in Lemma 6 in [6], under the weaker rank condition 2r 2 +2r instead 
of 2r 2 + 3r) . We can now proceed exactly as in [6] to deduce Theorem [T] 

4. Systems of cubic forms 

The cubic case is slightly more difficult. We start our discussion with the fol- 
lowing result going back to Davenport and Lewis. 

Lemma 5. Let C(X\, . . . , X s ) G 1\X\, . . . , X s ] be a cubic form, given in the form 

C{X\ , . . . , X s ) = y ] c h,h,33 x h x h x h 
i<ii ,h,33<s 

for symmetric integer coefficients Cj 1 J2 J3 . Moreover, let Bj be the bilinear forms 
^•( X W,x^) = c 5,h,h x h x h (1 < 3 < »)• 

1<J1>J2<S 



WEYL'S INEQUALITY AND SYSTEMS OF FORMS 



7 



Then 

#{x (1) ,x (2) G If : x (1) ,x (2) G PB and 5,(x (1) , x (2) ) = (1 < j < s)} 

< ^p2s-h{C) 

where h{C) is the h-invariant of C as introduced in section [7J The implied O- 
constant does not depend on C . 

Proof. This is Lemma 3 in [3J. □ 

Lemma 6. Let d = 3. Suppose that each cubic form in the rational pencil of 
F\,...,F r has h-invariant at least m. Then, using the notation of LemmaUl we 
either (i) have 

S{a) < P s-™e/i+^ 
or alternative (ii) (where d = 3) of Lemma\^ holds true. 

Proof. Suppose that neither alternative (i) nor alternative (ii) of Lemma [5] are 
true. Then by alternative (iii) of that lemma, there exists a G Z r \{0} such that 
M(oi, . . . , a r ; P e ) > (pBy s - Ak / e ~\ T his means that 

#{x G V : x (1) ,x (2) G P e B and $j(a; x (1) , x (2) )) = (1 < j < s)} 
(15) > (pe)2«-4fc/e- e> 

Now consider the cubic form 

r 
z=l 

This form is in the rational pencil of Fx, . . . , F r , hence h(C) > m. Using the 
notation of Lemma [31 we find that 

r 
i=l 

hence 

i=l l<ji,ja<» 



j^a^f (x« x< 2 )) = ^^ajxW.xW) (1 < j < S ). 



6^ J v ' '6 
Since h(C) > m, by Lemma [5] we have 

(16) #{x( 1 \x< 2 ) G P e B and B^x^'.x' 2 ') = (1 < i < «)} <C (P e ) 2s " ro . 

The conditions (fT5|) and ([T6|) are only compatible if 2s — 4k/ 6 — e < 2s — m, which 
implies that fc > m0/4 — e| . As for Lemma 0] above, this concludes the proof. □ 

Corollary 3. In the notation of Lemma QJ suppose that each cubic form in the 
rational pencil of Fx,...,F r has h-invariant exceeding 8r 2 + 8r. Moreover, let 
< A < 2r. Then for each a G [0, l] r we either (i) have 

(17) S{a) < p s -Mr+i+£)+^ 
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or (ii) there exist integers 01, . . . , a r , q such that (01, • • • , a r , q) = 1, 1 < q <C P 2A 
and 

Iga; - a. t | < p- 3+2A (1 < i < r). 

Proof. This follows immediately from Lemma [6] on setting A = 2r9 and m = 
8r 2 + 8r + 1, noting that A (r + 1 + i) = i • 2r6> • m = □ 

Note that this is essentially the same as Lemma 7 in [7] (our bound (fTT|) is slightly 
stronger than the bound (i) in Lemma 7 in [7], under the weaker rank condition 
8r 2 + 8r instead of 10r 2 + 6r). We can now continue exactly as in [7J to deduce 
Theorem H 
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